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Introduction
Jump di¤usions are widely used in the …nancial econometrics literature when analyzing returns or exchange rates, for example, as discussed in Du¢ e, Pan and Singleton (2000) , Singleton (2001) , Anderson, Benzoni and Lund (2002) , Jiang and Knight (2002) , Chacko and Viceira (2003) and Eraker, Johannes and Polson (2003) , among others. Various estimation techniques have been developed, and the common practice is to jointly estimate the parameters of both the continuous time and the jump components of these di¤usion models. Thus, parameters characterizing the drift, variance, jump intensity and jump size probability density are jointly estimated. However, an obvious non-standard feature of this class of models is that the parameters characterizing the jump size density are not identi…ed when the jump intensity is identically zero. This is an issue both when the intensity parameter is constant, as in standard stochastic volatility models with jumps (see, e.g. Andersen, Benzoni and Lund (2002) ) as well as when the intensity follows a di¤usion process, as in the important case of the Hawkes di¤usion models analyzed by Ait-Sahalia, Cacho-Diaz and Laeven (2013) . Clearly, when one estimates a jump di¤usion with jump intensity equal to zero, a subset of the parameters is not identi…ed. This in turn precludes consistent estimation of other parameters in the model (see Andrews and Cheng (2012) ).
The above estimation problem serves to underscore the importance of pretesting for jumps. In the extant literature, there is a large variety of tests for the null of no jumps versus the alternative of jumps. Tests include those based on the comparison of two realized volatility measures, one which is robust, and the other which is not robust to the presence of jumps (see, e.g. Barndor¤-Nielsen, Shephard and Winkel (2006) and Podolskji and Vetter (2009a) ), tests based on a thresholding approach (see, e.g. Corsi, Pirino, and Reno (2010) ), and tests based on power variation, as discussed in Ait-Sahalia and Jacod (2009). All of these tests are carried out using a …nite time span (typically a day or a week), and limiting distributions are found using in-…ll asymptotic approximations. However, over a …nite time span we may not observe jumps, even if the intensity parameter is positive. Thus, these tests are not consistent against the alternative of positive jump intensity, as pointed out by Huang and Tauchen (2005) and Ait-Sahalia and Jacod (2009), for example.
Moreover, sequential application of these tests (again, typically done daily or weekly) results in a failure to control the probability of false jump discovery. This is because of the well known sequential testing size distortion problem. This paper develops new and practical methods for solving the above testing and associated estimation problems in the context of the speci…cation of jump di¤usion models.
Consider solving the above problem of pretesting and subsequent estimation in stages by …rst testing the null of zero versus positive intensity using a score, Wald or likelihood ratio test, as in Andrews (2001) , and subsequently estimating the model using standard techniques. This would involve treating the parameters of the jump size density as nuisance parameters unidenti…ed under the null. Furthermore, such an approach would require correct speci…cation of both the continuous and the jump components of the di¤usion; and misspeci…cation of one or both components would in general a¤ect the overall outcome of the test. Just as importantly, the likelihood function of a jump di¤usion is not generally known in closed form, and therefore estimation (which is needed for construction of these jump tests) is usually based on either simulated GMM (see, e.g.
Du¢ e and Singleton (1993) and Anderson, Benzoni and Lund (2002) ); Indirect Inference (see, e.g. Gourieroux and Monfort (1993) and Gallant and Tauchen (1996) ); or Nonparametric Simulated Maximum Likelihood (see, e.g. Fermanian and Salanie (2004) and Corradi and Swanson (2011) ).
However, it goes without saying that one cannot simulate a di¤usion with a negative intensity parameter. This, in turn, precludes the existence of a quadratic approximation around the null parameters of the criterion function to be maximized (minimized) . Given that the existence of such quadratic approximations is a necessary condition for estimation and inference about parameters on the boundary (see, e.g. Andrews (1999 Andrews ( ,2001 , Beg, Silvapulle and Silvapulle (2001) , and Chapter 4 in Silvapulle and Sen (2005) ), we cannot rely on simulation-based estimators if attempting to pretest using standard score, Wald or likelihood ratio tests. A di¤erent variety of jump pretest is instead required. The approach taken in this paper is to propose model free jump pretests, and to subsequently estimate the jump di¤usion using standard estimation techniques, depending upon the outcome of the test(s).
In particular, this paper makes two key contributions to the literature. First, we introduce model free "jump" tests for the null of zero intensity. The tests are based on both in-…ll and longspan asymptotics, thus addressing the issues of consistency and sequential testing bias discussed above. Second, under the maintained assumption of strictly positive intensity, we introduce a "self excitement" test for the null of constant intensity against the alternative of path dependent intensity. The objective in this context is the provision of a direct test for Hawkes di¤usions (see Ait-Sahalia, Cacho-Diaz and Laeven (2013) ) in which jump intensity is modeled as a mean-reverting di¤usion process. When the tests are implemented prior to model speci…cation, standard estimation of jump di¤usions can be subsequently carried out, avoiding the identi…cation problems discussed above.
The jump tests are based on sample third moments, and are constructed using a long time span of high frequency observations. Two versions of these tests are discussed. One version does not allow for leverage, in the sense that rejection of the null may be due either to the presence of jumps or due to the presence of leverage e¤ects in the underlying data generating process. An alternative version is robust to leverage e¤ects, with the caveat that it is a less powerful test than its non-robust counterpart. The limiting behavior of the proposed statistics can be readily analyzed via use of a double asymptotic scheme wherein the time span goes to in…nity and the discrete interval approaches zero. The tests are model free, except for a drift component, which is assumed to be constant 1 . Under the null hypothesis of zero intensity, the statistics are characterized by normal limiting distributions. Under the alternative, it is necessary to distinguish between the case in which the density of the jumps is asymmetric and the case in which the density is symmetric.
In the former case, the proposed tests have a well de…ned Pitman drift and have power against p T local alternatives, where T denotes the time span. In the latter case, the sample third moment approaches zero, but the probability order of the statistics is larger than that which obtains under the null, since the jump component does not contribute to the mean, while it does contribute to the variance. To ensure power under both types of alternatives, it follows that we cannot rescale the test statistics by an estimator of the variance. We instead construct bootstrap critical values, the …rst order validity of which is established in the sequel.
Turning now to the self excitement test, note that if the null of zero intensity is rejected, one can proceed with a second test that is carried out in order to ascertain whether jump intensity is a constant, or follows a di¤usion process, as in the case of Hawkes di¤usions. This test is based on the sample autocorrelation of the (log) …rst di¤erences of the data, and is analyzed using asymptotic approximations closely related to those used in the analysis of the jump test statistics.
As none of the tests proposed in this paper are robust to microstructure noise, one might choose to build a dataset consisting of observations at the highest frequency for which the noise is not binding. However, the assumptions posited in order to analyze the tests herein simply require that the discrete interval approaches zero; and this does not have to occur at a minimum speed. Indeed, in our framework the time span can grow faster than the discrete interval.
The …nite sample behavior of the suggested statistics is studied via Monte Carlo experimentation. The jump tests exhibit empirical size very close to nominal and empirical power close to unity, across various empirically motivated parameterizations. The self excitement test likewise has very good size and good power properties, whenever there are "enough" jumps and the degree of self excitation is not "too weak". In an examination of the …nite sample behavior of the tests, when carried out in sequence (i.e., carry out the self excitement test in all instances for which the jump test rejects the null of no jumps), we also …nd evidence of adequate performance.
The rest of the paper is organized as follows. Section 2 describes the set-up. Section 3 provides heuristic arguments for the testing approach taken in this paper. Section 4 discusses the jump and self excitement tests, derives their asymptotic properties, and discusses asymptotically valid bootstrap based inference using an m out of n bootstrap procedure. Section 5 reports the …ndings of a Monte Carlo study designed to examine the …nite sample properties of the tests, and concluding remarks are gathered in Section 6. All proofs are collected in an Appendix.
Set-Up
Consider the following jump di¤usion model,
where volatility V t is de…ned according to either (i), (ii), (iii), or (iv), as follows:
(i) a constant:
(ii) a measurable function of the state variable:
(iii) a stochastic volatility process without leverage:
(iv) a stochastic volatility process with leverage:
Here,
and
where F t = (N s ; 0 s t) ; and the jump size, Z t ; is identically and independently distributed with density f (z; ):
We consider two general cases. The …rst is that of Poisson jumps, in which t = ; for all t:
The second is that of Hawkes di¤usions, in which the intensity is an increasing function of past jumps (see Bowsher (2007) and Ait-Sahalia, Cacho-Diaz and Laeven (2013)). In this case:
with 1 0; 0; a > 0; and a > (in order to ensure intensity mean reversion). Thus,
and E( t ) = a 1 a : If 1 = 0; then E( t ) = 0; and since t can never be negative, this in turn implies that t = 0 a.s., for all t (i.e., N t = 0 a.s., for all t): But, if N t = 0 a.s., for all t; then cannot be identi…ed, and consequently a is not identi…ed. Furthermore, if N t = 0 a.s., for all t; then cannot be identi…ed. In summary, if 1 = 0; ; ; are not identi…ed. By contrast, if 1 > 0;
then and are identi…ed. However, if 1 > 0 but = 0; a is not identi…ed. These observations highlight the importance of being very clear as to which of the two assumptions, 1 = 0 or 1 > 0;
is made for statistical inference in the foregoing Hawkes di¤usion model. In practice, thus, we are concerned with the following hypotheses H 0 : 1 = 0 versus H A : 1 > 0: This is a nonstandard inference problem because, under H 0 ; some parameters are not identi…ed and a parameter lies on the boundary of the null parameter space. Additionally, depending upon the outcome of tests of the above hypotheses, we are also interested in the following hypotheses (i.e., self excitement pretests):
At this juncture, we provide further heuristic motivation by discussing various key di¤erences between existing jump tests and tests based directly on testing the intensity proposed in the sequel.
Testing for Jumps or Jump Intensity -Heuristic Arguments
In recent years, a large variety of tests for jumps have been developed. One common feature of these tests is that they are all performed using high frequency observations over a …nite time span.
We thus argue that none of these tests is consistent against the alternative 1 > 0: Many of the extant tests can be broadly classi…ed as belonging in one of three groups: (i) Hausman type tests (ii); threshold type tests; and (iii) higher order power variation tests.
Hausman type tests are based on the comparison of non-robust and robust realized volatility measures (see, e.g. Barndor¤-Nielsen and Shephard (2004) , Barndor¤-Nielsen, Shephard and Winkel (2006) , and Huang and Tauchen (2005) ). More recently, related tests have been proposed that are based on comparisons using pre-averaged volatility measures, in order to obtain tests that are robust to microstructure noise (see, e.g. Podolskij and Vetter (2009a) ). Hausman type tests are able to detect whether P N t+1 j=Nt c 2 j = 0 or
where N t denotes the number of jumps up to time t; and c j is the (random) size of the jumps. However, 1 > 0 does not imply that P N t+1 j=Nt c 2 j > 0; given that Pr (N t+1 N t > 0) < 1. Threshold type tests are based on the di¤erence between "standard" volatility measures and trimmed realized measures, where the trimming is implemented at a threshold level which allows for the separation of jump and continuous components. Such tests have power against jump size, but not necessarily against jump intensity (see, e.g. Corsi, Pirino and Reno (2010) and Lee and Mykland (2008) ).
A more recent class of tests is based on higher order power variation, and is motivated by the fact that for p > 2; P n 1 i=1 X (t+(i+1) X t+i p converges to P t s t+1 jX s X s j p ; where P t s t+1 jX s X s j p is strictly positive if there are jumps and zero otherwise (see, e.g. Ait-Sahalia and Jacod (2009) and Ait-Sahalia, Jacod and Li (2012)). Even in this case, power obtains because of jump size, and not because of jump probability.
More generally, for tests performed on a …nite time span, are able to distinguish between 2 :
c t = f! : s ! X s is continuous on [t; t + 1)g and j t = f! : s ! X s has jumps on [t; t + 1)g :
Hence, all of the tests discussed above are dependent upon pathwise behavior. Clearly, one might decide in favor of c t ; even if 1 > 0; simply because jumps are not observed over the interval [t; t + 1): Lee, Loretan and Ploberger (2013) discuss the optimality properties of jump tests against local alternative de…ned in terms of jump sizes. It follows that in order to carry out a consistent jump test, one must test the composite hypothesis:
versus it negation. Broadly speaking, one must test the composite null hypothesis that none of the daily (or weekly, say) paths contain jumps. In fact, under mild conditions on the degree of heterogeneity of the process, failure to reject c 1 = lim T !1 \ T 1 t=1 c t implies failure to reject 1 = 0: The di¢ culty herein lies in how to implement a test for c T ; when T gets large. Needless to say, sequential application of …nite time span jump tests leads to sequential test bias, and for T large c T is rejected with probability going to unity. At issue here is the control of overall size when testing composite hypotheses. One common approach to this problem is based on controlling the overall Family-Wise Error-Rate (FWER), which ensures that no single hypothesis is rejected at a level larger than a …xed value, say . This is typically accomplished by sorting individual p values, and using a rejection rule which depends on the overall number of hypotheses. For further discussion, see Holm (1979) , who develops modi…ed Bonferroni bounds, White (2000) , who develops the so-called "reality check", and Romano and Wol¤ (2005) , who provide a re…nement of the reality check. However, when the number of hypotheses in the composite grows with the sample size, the null will (almost) never be rejected. In other words, approaches based on the FWER are far too conservative for our purpose.
An alternative approach, which allows for the number of hypotheses in the composite to grow to in…nity, is based on the Expected False Discovery Rate (E-FDR). When using this approach, one controls the expected number of false discoveries (rejections). For further discussion, see Benjamini and Hochberg (1995) and Storey (2003) . Although the E-FDR approach applies to the case of a growing number of hypotheses, it is very hard to implement in the presence of generic dependences across p-values, as it is in our context.
In summary, a key advantage of jump tests based on high frequency observations over …nite time spans is that they are virtually model free, as minimal regularity assumptions on the underlying process are required. A key disadvantage is that they are not consistent against the alternative of positive jump intensity. On the other hand, if more structure is imposed, and most importantly if the transition density is known in closed form, then it is easy to construct a consistent test for jumps, based only on a long time span of discrete observations. In particular one can easily test
This fact can be illustrated by considering a score test. Suppose that the skeleton of the process ln X t in Eq: (1) is observed. Namely, ln X 1 ; ln X 2 ; :::; ln X T ; is observed, with V t de…ned as in Eq. (4) or Eq: (5); and for sake of simplicity suppose that t = 1 : Now, using the notation in Eqs: (1)-(8), let = ( ; ; ; 1 ; ) = (#; ) : It immediately follows that, provided the transition density is known in closed form, the likelihood can be written as:
The score statistic for testing H 0 is thus 3 :
where R is a 1 p matrix, with p denoting the dimension of #: Additionally,
Now, given mild regularity assumptions controlling the smoothness of the likelihood, under the null 3 If 1 is not scalar (for example, consider allowing for di¤erent up and down jump intensities, as in Chacko and Viceira (2003) ), then the score statistic can be written as:
Note also that sup 2 K ( ) diverges to in…nity under the alternative: This test has power against p T local alternatives. Additionally, the limiting behavior of the test depends on the quadratic approximation of the likelihood around 1 = 0 (see Andrews (2001)). Hence, if the likelihood is known in closed form, and if both the continuous and the jump components of the model are correctly speci…ed, then inference can be easily carried out using this score test, or using analogous Wald or likelihood ratio tests. However, it is well known that for interesting models the likelihood is usually not known in closed form. In such cases, as discussed in the introduction, one often relies on simulation based estimation techniques such as simulated GMM, indirect inference, or nonparametric simulated maximum likelihood. However, as one cannot simulate observations with negative intensity, a quadratic approximation of the criterion function cannot be constructed, and these sorts of tests are not applicable. It is for this reason that we instead focus on simple moment based jump and self-excitement tests. In the sequel, assume the existence of a sample of n observations over an increasing time span T and a shrinking discrete interval ; so that n = T ; with T ! 1 and ! 0: Proceed in two steps.
First test for zero jump intensity ( 1 = 0). Then, if the null is rejected, test for path dependence ( = 0). In the …rst step, thus, interest lies in the following hypotheses:
Notice that the alternative hypothesis is the union of two di¤erent alternatives, designed to allow for both symmetric and asymmetric jump size density.
and de…ne the statistic:
The asymptotic behavior of S T; is analyzed under the following set of assumptions.
Assumption A: (i) ln X t is generated by Eq: (1) and V t is de…ned in Eq: (2), (3), or (4). (ii) ln X t is generated by Eq: (1) and V t is de…ned in Eq: (5). For C a generic constant, (iii) E jV t j k C, k 3; (iv) N t satis…es Eqs: (6)-(8), and t is either constant or it satis…es Eq: (9). (v) The jump size, Z t ; is independently and identically distributed, and E jZ t j k C; for k 6:
Theorem 1: Let Assumptions A(i) and A(iii)-(v) hold. Also, assume that as n ! 1; T ! 1 and ! 0.
and S T; de…ned as in Eq. (12).
A ; there exists an " > 0; such that:
Pr p T jS T; j > " = 1:
Pr ( jS T; j > ") = 1:
It follows immediately that S T; converges to a normal random variable under the null hypothesis, diverges at rate p T under the alternative of asymmetric jumps, and diverges at the slower rate of 1 under the alternative of symmetric jumps. As shown in the Appendix, as ! 0 and A the statistic has a mean (Pitman drift) of order p T ; and has a standard deviation of order 1 ; while under H 0 the limiting distribution has mean zero and …nite variance. On the other hand, if E (Z t E (Z t )) 3 = 0; then 1 is not identi…ed, and so under H A based on the di¤erent scales of the limiting distribution of T 1=2 b T; : This is because the order of magnitude of the variance of T 1=2 b T; is larger when 1 > 0 and E (Z t E (Z t )) 3 = 0 than when 1 = 0: Broadly speaking,
This is what allows one to distinguish between H 0 and H
A : If the moments of V t were known; then an estimator of the variance which is consistent for the true variance under the null and bounded in probability under the alternative could be constructed; and consequently one could carry out inference on a simple t statistic. However, spot volatilities are not generally observed, and hence the moments are not generally known. Heuristically, one may think of using b 2 ;T; = 1 
would remain bounded in probability. Hence, t ;T; does not have power against the alternative of jumps characterized by a symmetric distribution. Needless to say, if one rules out the possibility of symmetric jumps, then one could simply compare t ;T; with standard normal critical values. However, in order to allow for the possibility of symmetric jumps, the statistic should not be rescaled, and hence inference should be based on the use of the bootstrap.
Finally, not that 1
and hence a statistic based on the sample fourth moment has a well de…ned Pitman drift against p T alternatives, regardless whether the jump size density is symmetric or not. We did not attempt to construct a statistic based on the sample fourth moment as, under the null hypothesis it could not have a limiting Gaussian distribution, because of the boundary issue and the impossibility of having a quadratic approximation around 1 = 0:
Bootstrap Critical Values
Given that the variance is of a di¤erent order of magnitude under the null and under each alternative, the "standard"nonparametric bootstrap is not asymptotically valid. This issue arises because the variance of the bootstrap statistic mimics the sample variance. This implies that the bootstrap statistic is of order 1 under the alternative. This is not be a problem under H
A ; since the statistic is of order p T 1 ; but is a problem under H
A , since the actual and bootstrap statistics would be of the same order. To ensure power against H
A ; it su¢ ces to ensure that the bootstrap statistic is of a smaller order than the actual statistic. This can be accomplished by resampling observations over a rougher grid, e , using the same time span, T:
Set the new discrete interval to be e ; such that = e ! 0; and resample, with replacement, A : As the suggested statistics are not robust to the presence of microstructure noise, the optimal discrete interval, ; is the highest frequency at which microstructure noise doesn't bind. Visual inspection of the signature plots of Andersen, Bollerslev and Diebold (2000) provides a useful tool for choice of interval. It should also be noted that the statistic is constructed over an increasing time span; and hence it is not straightforward to ascertain whether simple pre-averaging will make the statistic robust to microstructure noise (as in the case of the realized pre-average power variation discussed in Podolskji and Vetter (2009b)). Future exploration of this issue is left to future research.
Test of 1 = 0 (leverage e¤ects)
The statements in Theorems 1 and 2 require absence of leverage e¤ects. In particular, the results presented in these theorems rely on the fact that under the null of no jumps, returns are symmetrically distributed. More precisely, all results are derived under the assumption that E Y k Y (k 1) 3 = 0; whenever there are no jumps. However, in the presence of leverage, if V t is generated as in Eq: (5), E R k (k 1) V 1=2 s dW 1;s 3 6 = 0; and is instead of order 2 : For example, if V t is generated by a square root process (i.e., dV t = ( with the bootstrap critical values c ;B; ; e and c (1 );B; ; e will lead to the rejection of the null of no jumps, even if the null is true. This is established in the theorem below.
Theorem 3: Let Assumptions A(ii)-(v) hold. Also, assume that as n ! 1; T ! 1; ! 0, e ! 0 and = e ! 0: Then; under both H 0 and H c (1 =2);B; ; e = 0:
It follows that, in the presence of leverage, we always reject the null of no jumps, regardless as to whether it is true or false. To avoid spurious rejection due to the presence of leverage, use the following modi…ed statistic: e S T; = 1 T 1=2+" S T; ;
with " > 0; arbitrarily small. ; e delivers a test with zero asymptotic size and unit asymptotic power. Needless to say, the statements in Theorem 4 are also valid when there is no leverage. However, in the this case tests should be based on S T; , in order to maximize power.
Test of = 0
If the null hypothesis of zero intensity is rejected, one can proceed to test the null of no selfexcitation or path dependence. The null in this case is = 0; and the alternative is > 0; with de…ned as in Eq: (9). As shown by Ait-Sahalia, Cacho-Diaz and Laeven (2013), can be identi…ed from the autocorrelation function. In particular, they show that given Eq: (9),
Given that 1 > 0; it follows that E Y k Y (k 1) Y (k+ ) Y (k+ 1) = 0 if and only if = 0: Our objective is to test the following hypotheses:
De…ne the statistic:
From Eq: (14), and recalling that a > 0; 0; and a > ; it follows immediately that the autocorrelation can never be negative. This is why the test is one-sided.
Theorem 5: Let Assumption A(i) or A(ii) and A(iii)-(v) hold, and let t be the solution to Eq.
(9). Also, assume that E (Z) 6 = 0; and as n ! 1; T ! 1 and ! 0.
(i) Under H 0 :
where Z is a standard normal random variable. It follows that Z T; converges to an half-normal random variable under the null, and diverges at rate q T under the alternative. Remark 1: The test statistic is only a function of the …rst autocovariance term. It follows immediately that one can construct a test based on an increasing number of autocovariance terms, with the number of terms chosen adaptively (see, e.g. Escanciano and Lobato (2009) ).
Remark 2: If the nulls of zero intensity and no self-excitation are both rejected, then one can proceed to estimate the full Hawkes di¤usion using GMM, as in Ait-Sahalia, Cacho-Diaz and Laeven (2013). Of course, there is still a positive probability that the nulls have been falsely rejected. Because of this, one should consider carrying out somewhat conservative inference, using a "small" signi…cance level.
Remark 3: In this paper, we only derive model free tests for the null of zero jump intensity in asset returns. However, the same approach can be used for testing equivalent hypotheses for volatility.
Such tests would require estimators of the spot volatility, say V 2 k ; which can be constructed using a …ner grid of observations than used in the above tests, such as if there are M observations over each interval of order : The order of magnitude of the error due to the estimation of the spot volatility is derived in Bandi and Reno (2012) , under various settings.
Remark 4: In this section, we consider the case of self-exciting intensity. However, from an empirical point of view, an interesting case is that of …nancial contagion, where the contagion is due to "common" jumps. In this case, the jump intensity is an increasing function not only of its own past jumps but also of past jumps in other assets. In order to test for (no) cross-excitation, it su¢ ces to construct a statistic based on cross correlations instead of autocorrelations (see Theorem 4 in Ait-Sahalia, Cacho-Diaz and Laeven (2013)). For example, let:
and note that if the jump intensity in asset II does not depend on past jumps in asset I, then b (I;II) T;
! 0: On the other hand, if the intensity in asset II increases when there is a jump in asset
has a strictly positive probability limit.
Monte Carlo Results
In this section we carry out a set of experiments designed to evaluate the …nite sample properties of (i) the test for the null of zero intensity, based on S T; ; as de…ned in Eq: (12) and, for the case of leverage, based on e S T; ; as de…ned in Eq: (13); (ii) the test for the null of no jump path dependence based on Z T; ; as discussed in the previous section; and (iii) the overall procedure according to which, if we reject the null of no jumps, according to either S T; or e S T; ; we then proceed to test the null of no path dependence, using Z T; : We now outline the data generating processes (DGPs) used in the simulation experiments, namely:
where volatility is modeled as a square-root process:
with E(W 1;t W 2;t ) = : We have set = 0:5, = f0; 0:5g, v = 5; v = 0:04; and = 0:5:
Additionally, N t satis…es the conditions in Eqs: (6)-(8) and for the jump size density we consider two cases, (a) Z t an iid N (0:5; 0:01) random variable, and (b) Z t an exponential random variable with parameter equal to 5: The jump intensity evolves according to:
where 1 = f1=20; 1=10; 1=5; 3=10; 2=5g ; and (a; ) = f(0; 0); (0:2; 0:1); (2; 1); and (5; 4)g: Note that the case where (a; ) = f(0; 0)g is consistent with both the case of no jumps (i.e., 1 = 0) and constant jump intensity (i.e., t = 1 ):
We simulate observations using a Milstein discretization scheme, with discrete interval h = 1=100: For DGPs with = 0; we sample the simulated observations using = 1=60 when con-structing the test statistics and e = 1=20 when constructing bootstrap statistics. For DGPs with = 0:5; we set = 1=100 and e = 1=10 for test statistics and bootstrap statistics, respectively.
In all experiments, we perform 1000 Monte Carlo replications. Finally, recall that only the jump intensity test uses bootstrap critical values (see the statements in Theorems 2 and 4).
Conducting Monte Carlo experiments involving bootstrap estimators are always quite computationally demanding. In our experiments the computational burden is potentially even higher than usual, since we rely on a joint in-…ll and long-span asymptotics, and since we need to control for the discretization error when simulating according to di¤usion processes. To cope with this computational cost, we construct bootstrap critical values using the Warp-Speed approach of Giacomini, Politis and White (2013 when data are generated with jumps characterized by constant intensity and jump sizes normally or exponentially distributed. Here, each row denotes a di¤erent intensity, from the lowest (1=20) in the top row to the highest (2=5) in the bottom row. The third and fourth quadrants report rejection frequencies for the full sequential procedure. In particular, they report how many times H 0 : 1 = 0 vs H A : 1 > 0 has been rejected and how many times H 0 : = 0 vs H A : > 0 has not been rejected. Overall, the empirical size is quite close to the nominal, though slightly smaller for the rows characterized by a large intensity parameter. (bottom row in each quadrant). The empirical power is essentially unity; even for the lowest intensity, and hence the test is powerful even in the presence of relatively few jumps. This is true also for the case of normal (symmetric) jumps, despite of the fact that the Pitman drift is zero, so that rejections are due only to the di¤erent order of magnitude of the variance. Interestingly, when = e is small enough, the power in the leverage cases is as high as in the non-leverage case. Panels C and D report rejection frequencies in the case of no-leverage and self-exciting jumps (i.e., when t is generated as in Eq: (17)), with exponential and normal jump densities, respectively. Panels E and F report analogous results for the leverage case. For cases where the mean intensity is low, rejection frequencies in the leverage case (i.e., tests based on e S T; ) are now slightly lower than corresponding rejection frequencies in the non-leverage case (i.e., tests based on e S T; ): However, for 1 1=5; rejection frequencies are rather close to unity. Table 3 contains results from power experiments (i.e., H 0 : = 0 vs H A : > 0); under the maintained assumption that 1 > 0: Note that for the test for no-path dependent intensity, we use the same statistic max f0; t ;T; g ; as de…ned in Eq: (15), regardless of the presence of leverage or not. However, for the sake of completeness, we still report result for the no-leverage case in Panels A and B, and for the leverage case in Panels C and D. From Eqs: (14) and (17) is immediate to see that the smaller is a and the smaller is (a ); the higher is the level of self-excitation.
For example, when a = 0:1 and = 0:2; rejection frequencies are above 0:9; regardless of mean intensity. However, the case where a = 0:1 and = 0:2 imply a somewhat implausibly high level of path dependence. For an intermediate degree of self-excitation, we consider a = 2 and = 1: In this case, the rejection frequencies are reasonably high, from 0:65 to 0:80; when there are "enough" jumps (i.e., when 1 3=10): Finally, in the case of low self-excitation (i.e., a = 5; = 4) the power is slightly below 0:50; even for the highest mean intensity. Table 4 summarizes experimental …ndings based on implementation of the full (sequential) procedure. Namely, whenever we reject H 0 : 1 = 0 vs 1 > 0, we proceed to test H 0 : = 0 vs H A : > 0: Entries in the table denote that rejection frequencies indicating that both null hypotheses are rejected (sequentially). As the power of the jump intensity test against pathdependent jumps is very close to 1 (see Panels C-F in Table 2) , it is not surprising to note that the entries in Table 4 are very close to those in Table 3 .
In summary, the test for zero jump intensity has excellent empirical size and power across all cases. On the other hand, the test for no path dependence and the sequential procedure have the very good empirical size but good power only when jumps are frequent enough and the degree of self-excitation is not too low.
Concluding Remarks
If the intensity parameter in a jump di¤usion model is identically zero, then parameters characterizing the jump size density cannot be identi…ed. In general, this lack of identi…cation precludes consistent estimation of identi…ed parameters. Hence, consistent estimation of jump di¤usions requires consistent pretesting for the null of zero jump intensity. Currently available tests, which are 18 based on high frequency observations over a …nite time-span, are model free but are not consistent.
On the other hand, tests based on discrete observations over a long time-span are consistent, but require full speci…cation of the model as well as knowledge of a closed form expression for the transition density. This paper introduces novel (almost) model free tests which are consistent against the alternative of positive intensity. They are based on sample third moments, and make use of high frequency observations over a long time-span. Inference is based on m out n type bootstrap critical values, whose …rst order validity is established. A "self-excitement" test is also introduced, which is designed to have power against path dependent intensity, thus providing a direct test for the Hawkes di¤usion model of Ait-Sahalia, Cacho-Diaz and Laeven (2013). The …nite sample behavior of the suggested statistics is studied via Monte Carlo experimentation. The jump tests exhibit empirical size very close to nominal and empirical power close to unity. The self excitement test likewise has very good size and good power properties, whenever there are "enough" jumps and the degree of self excitation is not "too weak".
Appendix
Proof of Theorem 1:
(i) Under H 0 N t = 0; since the drift term is constant,
(1 + o p (1)) = I T; + II T; + III T; + IV T; ;
where k is an iid N(0; 1) random variable; and where the o p (1) terms denote terms approaching zero as ! 0; uniformly in T:
Let F (k 1) = V ; :::; V (k 1) and note that under A(i),
We …rst show that II T; and IV T; are o p (1):
20 since, recalling Eq: (19), q T P n k=1 p V (k 1) k 3 satis…es a CLT for martingale di¤erence sequences. Additionally,
; given Eq: (19), and var (III T; ) = 4 (E (V k; )) 2 var
Thus,
: The statement in (i) then follows.
(ii) Under H
A ; there are additional jump components, including:
plus related cross-terms. Now,
Thus, whenever E (Z E (Z)) 3 6 = 0, S T; is of probability order p T , and lim T !1; !0 Pr p T jS T; j > " = 1: The statement in (ii) then follows.
(iii) Under H
A ; by the law of large numbers,
Since E (Z E (Z)) 3 = 0; and given the central limit theorem,
Moreover, if = 0 (no path dependent intensity), then:
Alternatively, if > 0; one must take autocovariance terms into account when carrying out similar calculations. However, given A(iv), the order of magnitude of the variance is still O 1 2 . Hence, S T; is of probability order 1 and the statement in (iii) follows.
Proof of Theorem 2: Hereafter, let E and var denote the mean and variance operators under the bootstrap probability measure P ; conditional on the sample, and let d denote convergence in distribution under P :
(i) Note that:
Now, since:
it follows immediately that E S T; e = 0: Now, consider var S T; e : First note that, by the same argument as that used in the proof of Theorem 1, part (i), ; the statement in (i) follows.
(ii) S T; now contains the following additional term:
T e e n X k=1 Z 3 (k 1) e N (k 1) e N (k 1) e 3 Z 3 (k 1) e N (k 1) e N (k 1) e 3 ; plus additional cross product terms, which cannot be of larger P order than J T; e : Now, E J T; e = 0, and var J T; e = 1 e 2 e T e n X k=1 1 e Z 6 (k 1) e N (k 1) e N (k 1) e 6 = 1 e 2 O p (1);
and so S T; e is of P order 1 e : Recalling that S T; e is of P order 1 ; with = e ! 0; the statement in (ii) follows.
Proof of Theorem 3: Suppose that H 0 is true, and so 1 = 0: In this case:
and by the same argument as in the proof of Theorem 1,
A ; S T; is of probability order 1 ; and so e S T; is of probability order 1 T 1=2+" : Now, from the proof of Theorem 2, we have that under both H (1)
A and H (2) A ; S T; e diverges at rate 1 e : As T 1=2+" e ! 0;
the statement follows.
Proof of Theorem 5:
(i) Recall Eq: (16), which can be written as follows:
and note that under the null of constant intensity,
Now, consider b 2 ;T; ; the expression for which can be written as follows:
The statement then follows immediately from the central limit theorem for iid random variables and from the continuous mapping theorem.
(ii) Note also that b T; can be written as follows:
The statement in the theorem follows by noting that:
under both hypotheses, given that for < a; the time dependence of jumps declines at an exponential rate. is constructed whenever implementation of S T; results in a rejection of the null of no jumps. Results are reported in "blocks" of 5 rows. Each of these 5 rows of entries corresponds to a di¤erent jump intensity. As discussed above, "average jump arrival times" are assumed to be every {20 days, 10 days, 5 days, 10/3 days, 5/2 days}, and the rows correspond to these arrivals, in order from least frequent to most frequent. All experiments are based on 1,000 Monte Carlo iterations. For complete details see above. 
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